In this work we extend our previous results and derive an expansion formula for fractional derivatives of variable order. The formula is used to determine fractional derivatives of variable order of two elementary functions. Also we propose a constitutive equation describing a solidifying material and determine the corresponding stress relaxation function. 
Introduction
For numerical purposes the expansion (2) is not very useful for two reasons. First, it can only be used for analytic functions. Secondly, it requires values of the function and all of its derivatives at the initial point = 0 in order to determine the initial value of the fractional derivative at the point, = 0 i.e., 0 D α (0) In [2] and [3] a different expansion formula is obtained. In [2] , 0 D α ( ) is expressed in terms of (1) and moments of . In [3] , this expansion formula is used to transform the differential equation with fractional derivatives into a system of first order differential equations. This method is successfully used in a number of concrete equations, see [4] [5] [6] . Our intention in this note is to generalize the results of [3] and to develop an expansion formula for fractional derivatives of variable order. We shall apply our expansion formula to determine fractional derivatives of variable order for two elementary functions and propose a constitutive equation describing a solidifying material and determine the corresponding stress relaxation function. In general, fractional derivatives of variable order may be used to describe the dissipation in oscillatory systems that are changing with time (for example see [7, 8] ) or for more efficient modelling of certain viscoelastic materials, such as polymers, that exhibit time dependent responses to imposed stresses or strains (for example see [9] [10] [11] ). Also, fractional derivatives of variable order may be used to describe mechanical properties (stress-strain relation) during the phase change. In this work we present one such example, where the material properties change due to solidification. Moreover, variable order fractional derivatives can be used in modelling anomalous diffusion, as they can depict the time dependent diffusion process more efficiently than fractional derivatives of constant order, see [12, 13] . Specifically, the effect of differences between using constant and variable order fractional derivatives is discussed in [12] . Time dependency of derivative order can be caused by temperature changes, tracer transfer in inhomogeneous mediums, or anomalous diffusion in intermediate turbulence, see [13] . We believe that one may consider the order of the derivative as the constitutive quantity, determined by the corresponding constitutive equation, see [17] . Fractional derivatives of variable order have recently received considerable attention. There are several definitions of fractional integrals and derivatives of variable order, see [9-11, 14, 17] . In this work, we choose, among various definitions, the one for which we develop the expansion formula. Recall, the definitions of left and right Riemann-Liouville fractional integrals of order α = are
and
respectively. Let 0 < α < 1 1 ≤ < 1 Then the
The left and right Riemann-Liouville fractional derivatives of order α = are defined as
and 
In order to generalize the fractional integrals (3) and (4), as well as the fractional derivatives (5) and (6) to the case when α = , i.e., to define
, we follow [15, 16] . Thus, let the left fractional integral of variable order be defined as
The definition of left Riemann-Liouville fractional derivative of variable order proposed in [15, 16] 
Suppose that α is a given function of satisfying 0 ≤ α ( ) < 1 ∈ [0 T ]. Section 3.2 considers a real physical applicationwhere a monotone decreasing function, given by α( ) = B (− ) for some B > 0 and > 0 for example, a material solidifying in time. It could also be a monotone increasing function, for example given by α( ) = B , or α( ) = B(1 − (− )), for some B > 0, describing the change in friction coefficient in time and therefore effecting the energy dissipation in the oscillatory systems. In the next Section we shall derive an expansion formula for (8).
Expansion formula and estimate for the remainder
We state our central result as:
Then the fractional derivative of order α, defined by (8) , may be written as
where 
Proof. Consider (8) and suppose that ∈ C 2
where
We expand the first term S 1 by using the method presented in [3] to obtain
Note that (see [3] p.431)
so that for the second term in (16), there is N 2 ∈ N such that (1) ( )
In writing (18) we used the fact that (1) (15) we have (see Appendix, (32))
( ) ( + 1) ( + 2)
Also in Appendix it is shown that there is
From (14), (16) and (19) we obtain (9) and (13).
Application
In this Section we present several examples where the expansion formula is used to determine fractional derivatives of variable order.
Examples of calculation of fractional derivatives for elementary functions
In this Section we calculate fractional derivatives of variable order for several concrete functions. . Therefore, in this example the effect of variable order fractional differentiation in comparison to the constant order differentiation is significant only in the beginning of the process.
Application to stress relaxation problem
Suppose that a constitutive equation of a viscoelastic material is given as
where σ denotes stress, ε is strain, E is a constant and α is given function. As can be seen, unlike the case of constant order fractional derivative, here we have change of sign in the values of stress!
Conclusion
The main results of our work may be summarized as:
1. We derived an expansion formula (9) for fractional derivatives of variable order. A fractional derivative of variable order is expressed in terms of function, its first derivative and the moments of the function.
2. The expansion formula is used to determine fractional derivatives of two elementary functions. Numerical experiments show that satisfactory accuracy is achieved by a relatively small number of moments
3. The expansion is used to study the stress relaxation process in a body changing its properties form fluid like to solid like.
4. The expansion formula (13) may be used to formulate solution procedure for fractional differential equations of variable order. Namely, an equation of the form
with given, may be transformed to
Equation (22), taking into account (12) , represents a system of integer order equations. The solution to this system is, under certain conditions, an approximation to the solution of (21). This will be the subject of our future work.
Since the series
converge uniformly, we have
The last term (24) can be estimated as follows. First, for
(τ)
The first term in (28) we write as
The last term in previous equation
The second term in (28) can be written as 
(τ)τ + +2 τ may be estimated as follows
for M > N 7 Finally, we estimate the fourth term in (29) as 
and by using previous calculations and estimates, we obtain 
